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Abstract 



< 

• ■ In this paper we consider a stationary Schrodinger operator in the plane, in presence of a 

' magnetic field of Aharonov-Bohm type with semi-integer circulation. We analyze the nodal 

, regions for a class of solutions such that the nodal set consists of regular arcs, connecting 

the singular points with the boundary. In case of one magnetic pole, which is free to move 
in the domain, the nodal lines may cluster dissecting the domain in three parts. Our main 
result states that the magnetic energy is critical (with respect to the magnetic pole) if and 
' only if such a configuration occurs. Moreover the nodal regions form a minimal 3-partition of 

^ I the domain (with respect to the real energy associated to the equation), the configuration is 

unique and depends continuously on the data. The analysis performed is related to the notion 
of spectral minimal partition introduced in [20] ■ As it concerns eigenfunctions, we similarly 
show that critical points of the Rayleigh quotient correspond to multiple clustering of the 
nodal lines. 

(N 

O ; MSG: 35J10, 35J20, 35P05, 49Q10. 
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1 Introduction 

According to the recent literature, the analysis of Aharonov-Bohm operators with half integer 
circulation may lead to new insights on the nodal configuration of eigenfunctions (see [Sj) to 
the Dirichlet laplacian in planar domains. A useful related concept is that of spectral minimal 
partition, introduced in pUlfTO] (see also [T^ for a survey and [H] for further developments), that 
is a partition which is optimal with respect to the largest of the first eigenvalues. According to the 
analysis there, spectral minimal partitions need not to be nodal (i.e. nodal partitions associated 
to an eigenfunction), for the components may cluster in an odd number. In the planar case, a 
natural way to handle triple clustering of subdomains is to pass on the double covering of the 
punctured domain. Equivalently, we can associate a new operator of Aharonov-Bohm type by 
introducing a singular magnetic field with pole at the triple (or multiple) nodal junction, having 
care of prescribing half integer circulation (see [3l [TBI [17] ) . In particular this shows that selected 
solutions of the associated Aharonov-Bohm equation, though complex, do possess nodal sets having 
interesting spectral properties. 

In this paper we reverse this point of view and, starting from a solution to an Aharonov-Bohm 
operator, we study its nodal lines. Next we move the pole of the magnetic potential and study 
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the dependence of the nodal hncs with respect to such a singularity. We are specially interested in 
multiple clustering. Our main result relates the occurrence of triple nodal junctions with criticality 
of the corresponding magnetic energy. A strictly related statement is the following. 

(1.1) Theorem. Let (k positive integer) he the k~eigenvalue of the Aharonov-Bohm operator 
with half integer circulation and Dirichlet boundary condition in a planar domain Q. Here a is 
the singularity of the magnetic potential. Assume that the function a i— > is differentiable and 
that its gradient vanishes at a ^ fJ. Then the corresponding eigenf unctions possess an odd number, 
greater than or equal to three, of nodal arcs intersecting at a. 

As a consequence, we have the following: 

(1.2) Corollary. If a E is a local extremum point of a simple eigenvalue A^, then there is 
a multiple junction of at least three nodal lines of the corresponding eigenf unctions at a. The 
first eigenvalue function a i— > A^ has a global interior maximum (where it is not differentiable) 
corresponding to an eigenfunction of multiplicity exactly two. 

This results complement the upper bound on the multiplicity of the first eigenvalues given in 
[17] and provides a theoretical key for the explanation of many of the numerical results of 01 HI [5] . 

Let us state more precisely the setting and results of the paper. Let f2 C be a simply 
connected domain with regular boundary. Given a point a G 51 we consider the stationary magnetic 
Schrodinger operator 

HA^y = {i^ + Aaf + V, 

acting on complex valued functions U £ L^{i^, C). Here V{x) g W^'°°{^1) represents a conservative 
potential, whereas the magnetic potential has the form 

A / . 2n + 1 / 2:2-02 - fli \ , /IN 

2 V (xi ~ aiY + [X2 - a2)^ [xi - ai)'^ + [X2 - J 

where a = (ci, 02), n £ Z and <& is any functiorQ of class C^{n). The magnetic field associated to 
this potential is a Dirac delta centered at a and directed orthogonally to the plane. It determines 
the so called Aharonov-Bohm effect: a quantum particle moving in \ {a} will be affected by 
the magnetic potential, although it remains in a region where the magnetic field is zero. This 
phenomenon can be simulated experimentally by the presence of a thin solenoid placed at a and 
orthogonal to the plane (see [1]). We are concerned with the analysis of if ^ -real solutions of the 
equation Hp^^ v = 0, according to the following definition 

(1.3) Definition. We say that U : 51 ^ C is A'^^-real if there exists a function -0 € C^{Q, \ {a}, C) 
with 

|i/'| = l, deg(i/',a) = 2?2+ I, n e Z (2) 



such that 



This is a generalization of the notion of if-real function given in [TBI El E] j where the authors 
consider ■0 = e"' {d is the angular coordinate centered at the singular point). As the authors notice 
therein, this condition arises quite naturally in this context. In fact it is proved in [17j that the 
spectrum of H^^y (with homogeneous boundary conditions) consists of eigenvalues correspond- 
ing to K^-Tcal eigenf unctions. We are interested in non-homogeneous boundary conditions, in 
particular we will study the following systems 

[iW + Aa)^U + VU = mn\{a} 

[/ = F on dn, ^ ' 



^The vector potential is determined up to gauge transformations. 
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where a (the concentration point of the magnetic field) is intended as a parameter, whereas the 
boundary data F £ W-^'"" {dft,C) is fixed. A natural condition on the boundary trace is therefore 

(1.4) Definition. We say that T : dil ^ C is a if^-real trace if there exists a function ijj £ 
C\dn,C) satisfying 0, such that T = xJjT. 

This assumption on the boundary trace implies that, for a suitable choice of the gauge in ([1]), 
the solution of Q is iiT^ -real. Therefore such a solution can be identified with a real function on 
the double covering of \ {a}. More precisely, it corresponds to an antisymmetric solution of a 
real elliptic equation on the double covering. Hence the nodal set 

Af{U) = {x e n : Uix) = 0} 

inherits some regularity properties, that is 

(1.5) Theorem. Let T £ W^'°° (diljC) be K^-real and a G il be fixed. For a suitable choice of 
the gauge in {Ip, the solution U of ^ satisfies the following properties. 



(i) The nodal set of U is nontrivial and consists of the union of regular arcs, having endpoints 
either at dfl, or at an interior singular point of U , or at a. Moreover there is at least one 
nodal line ending at a. 

(a) There is an odd number of nodal lines ending at a. There is an even number of arcs meeting 
at interior singular points different from a. 

(Hi) Let {ra,'&a) be the polar coordinates centered at a. Then U satisfies, for some odd k >l, the 
asymptotic formula 



k 



Ck cos ( -tia 



Ik sm 



+ oira^), 



(4) 



where c\-\- dj. ^ Q and e*® is a suitable complex phase. Ln particular, there is an odd number 
of nodal lines ending at a. 



Since we are mainly interested in triple partitions of the domain, which is the easiest case of 
multiple clustering, we shall require in addition that the boundary trace vanishes exactly three 
times on 9f2. More precisely, we introduce the class 

3 

Q = {T -.dVL-^C: r is A'^-real and |r| = ^ 7i with (7.0 € 5}, 

i=l 

where 

{7, • 7i = for i ^ j, 
(71,72,73) with 7,: ai^^M: 7, >0, 7, e Ci({7. >0}), 1,2,3, 
X]i=i 7i vanishes exactly three times on dfl 

In order to ensure that the nodal lines of U do not dissect the domain in more than three parts, 
we will also impose the following coercivity condition on the scalar potential 

/ {iVipf + Vip^)dxidx2>0 yipeH^ifl), (5) 
Jn 

then the following holds. 
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(1.6) Theorem. Under the same assumptions of Theorem \1.5\. suppose moreover that T ^ Q and 
that ^ holds. Then the nodal set of U consists of at most three arcs. If M{U) consists of one or 
two arcs, then the expansion Q holds with k — 1. Otherwise the three arcs intersect in exactly 
one point, that is a, and the expansion (U) holds with k ~ 3. 



In this last case, the nodal set determines a partition of Q into three parts: we will say that 
a is a triple point for T. Our aim is to understand the circumstances related to the occurrence of 
triple points, and in particular to investigate the variational characterizations of the triple point 
configuration. The first result involves the quadratic form associated to the operator 

Qa..v{U) = [ (|(zV + AJ[/|2 + V\U\^) dx,dx2, 

acting complex functions sharing the same boundary trace F. In this direction we prove 

(1.7) Theorem (CriticaUty). Let T Cz G and correspondingly let be a suitable choice of the 
gauge in (Qp. // the function 

ip{a) ^min{QA^y{U) : U e H^{n), [/ = T on 917}. 

is differential^ and ([^ holds, then the only critical points of ip{a) are the triple points. 

Our next result is related to the conjecture proposed in [3], Section 6. The authors show that 
the second eigenfunction of H^^ q with homegenous Dirichlet boundary conditions, whenever it 
exhibits triple point configuration, turns to be a reasonable candidate for the spectral minimal 3- 
partition. This is supported by numerical simulations (see also [4] for related problems) . Similarly, 
we succeed in characterizing the triple point configuration as minimal 3-partition, with respect to 
the real energy functional associated to the equation. Given T G Q , let {'ji) G g he the associated 
real trace. For i — 1,2,3, wc define a set function .Ji{uji), acting on open sets LUi C ft, satisfying 
supp(7i) C d^l n doji, in the following way 

JM) = mf (I V^^l +Vu) dx,dx2 : „ > q, „ = in \ 
Starting from the results in [5], we can prove 

(1.8) Theorem (Optimal partition). Assume that (O holds. Suppose moreover that T G G 
admits triple point a, so that Q \ M{U) has three connected components. Then the connected 
components are solution of the optimal partition problem 

■ r-Jv^ T/ ^ t^i open, supp{ji) C duji \ 
mf X^J,(c.,): uL.^^n, ..n.,=0, z^, ■ 



This variational characterization is achieved through a uniqueness result. For a given boundary 
trace, we analyze the set of systems as a varies in il and prove uniqueness of the triple point 
configuration with respect to the parameter a. 

(1.9) Theorem (Global uniqueness). // 1^ holds, then every T E Q admits at most one triple 
point. Moreover the set of boundary traces which admit a triple point is open and dense in Q (with 
respect to the L°°-norm). Finally, the position of the triple point depends continuously on the 
L°° -norm of the boundary data. 

^The differentiability of ip{a) requires regularity of the boundary trace. 
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We conclude the analysis by showing that the C-'^-norm of the nodal lines depends continuously 
on the L°°-norm of the boundary data. 

Our proof of Theorems II. 8i 11.91 is strongly related to some previous works by Conti, Terracini 
and Verzini. On the other hand, we also generalize some results therein, providing 

(1.10) Theorem. Assume that holds. For every (7^) S g, define the functional class 

{Ui > 0, Ui = ji on dil 
(ui, U2, M3) e (H"^(ri))^ : Ui ■ Uj = a.e. x € fl, for i ^ j 
-Au, + Vu,<0, -Aui + Vut>0 i = 1,2,3 

where Ui := Ui — "^j^i ^j- Then 

(i) S-y consists of exactly one element (ui,U2,M3); 
(ii) the open sets U)i — {ui > 0} are the unique solution of 0j. 

We wish to mention that this functional class also contains the limiting configurations of the 
solutions of a competition-diffusion system as the competition parameter tends to infinity (see 
[7]). Theorem II. 91 also establishes a variational characterization of these limiting functions, which 
is quite surprising since the initial system is not variational (see Section [6] for further details). 

The paper is organized as follows. In Section [3] we introduce the notion of classical gauge 
invariancc and show that equation ^ is equivalent to a real elliptic equation on the double covering 
of r2\{a}. For this part we mainly refer to |17| . where the homogeneous Cauchy problem is studied. 
In Section [4] we perform the analysis of the nodal lines and prove Theorems 11.51 [TTHl This is based 
on the well known properties of the nodal set of solutions to real elliptic equations in the plane; we 
address the reader to the classical works by Alessandrini [2] and Hartman and Wintner [T3] . As it 
concerns the non planar case, we refer to [T^ [13] and references therein. We also wish to mention 
some results concerning Schrodinger operators with singular potentials, such as |1T1[551[23]. For 
the specific case of Aharonov-Bohm type magnetic potentials, few is known because of the very 
strong singularity; the recent paper |10| provides regularity results for a large class of equations 
including ([3]). Section [5] contains the technical part of the work. First of all we prove Theorem 1 1.71 
and then extend the result to the Rayleigh quotient, providing Theorem 11.11 Finally we prove a 
local uniqueness result, that is a local version of Theorem II. 91 All the remaining stated theorems 
are proved in Section [S] which, as we mentioned, is strongly based on the previous works by Conti, 
Terracini and Verzini [H [7l [H [9] . Finally, in Section [71 we prove the continuous dependence of the 
nodal lines with respect to the data. 

Acknowledgments The first author would like to thank Prof. M. Ramos for his kind invitation 
and financial support during the final typing of the work. 

2 Preliminaries 

In this section wc fix the main assumptions and notations and we introduce the notion of solution 
of the equation i?A„,y = 0. 

As it concerns the domain fi, in the following we will always work in the open unit disk of M^, 
which will be denoted by D. This is not restrictive thanks to the Riemann mapping theorem (see 
for example [11], Theorem 6.42) and due to the conformal equivariance of the problem, which will 
be proved in Section [3l Given a point a G -D we denote by Da the open set D \ {a}. 

The regularity assumptions on the physical quantities, which will hold throughout the paper, 
are the following 

Aae L\D)r]C\D\{a}) and VeW^'°°{D). 



5 



Notice that the magnetic potential associated to the Aharonov-Bohm effect presents a strong 
singularity at a, in particular it is not in L^{D), hence this assumption on the magnetic potential 
is quite natural in this context. The magnetic field associated to ([T|) satisfies 

Ba = V X = (2n + l)7r(5ak in n, n e 1, (7) 

where Sa is the Dirac delta centered at a and k is the unitary vector orthogonal to the plane. It 
will be usefuU to notice that this can equivalently substituted with the condition 

Vx Aa = in Da, (8) 

together with an additional assumption on the normalized circulation 

If 2n+l 

— iAa-dx=^— , neZ (9) 

for every closed path a which winds once around the pole. 

Let us now introduce the space (D) of the solutions of ([3]). We refer to [26] for a complete 
review on magnetic Schrodinger operators and to [25] for the specific case of the A-B effect. We 
recall that the operator acts on complex valued functions as 

Ha^,vU = -AC/ + iV ■ (AaU) + iAa ■ VU + \Aa\^U + VU. 

Following [To], we define Ti.]^ (D) as the completion of 

n°{D) = {U e C°°{D, C) : U vanishes in a neighborhood of a} 

with respect to the norm 

It is proved in [53] that a magnetic Hardy inequality holds in dimension two, whenever the circu- 
lation of Aa is not integer. As pointed out in [25], such inequality holds also for functions that are 
not compactly supported. More precisely, for every U € {D) it holds 



/ , ,^ dxidx2 < 4 / + Aa)Ufdxidx2. 

Jd \x - ar Jd 



This implies that 7i_^ {D) is a subset of the usual Sobolev space H^{D,C) and we can give the 
following equivalent characterization. 

(2.1) Lemma. Let Aa satisfy then 

I \x-a\ J 

Proof. Assume first that U E H^{D,C) and U/\x ~ a\ E L'^{D,C), then using expression H]) for 
the potential we obtain 



\U\\n],jD) < m\\miD,c) + ^ [ \^aU\^dxidx2 



< 2||C/||^i(^_c) +2||(a;-a)Aa||i„„(^) / , .^ dxidx2 < oo. 

Jd F ~ "^1 



\U\' 
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On the other hand if [/ G 7^^^ {D) then 

\\U\\hi^d,C) ^ + Aa)C/|li2(^,c2) + ||A„[/||i.(^ + ||C/||i2(c,C) 

^ llC^IIwi (D) + ll(2;-a)Aa||ioc,(^) / -— -^da;ida;2 

where we used the magnetic Hardy incquahty in the last step. □ 

The previous lemma implies in particular that, whenever ([5]) holds, the quadratic form QAa,v 
associated to the operator is definite positive. 

Given a boundary data T £ H^^^{dD, C), we say that U € (D) is a solution of ^ if the 
following integral equality holds for every ip € {D) 

/ [(iV + Aa)U{iW + Aa)(p + VUif]dxidx2 + i / [r{iW + Aa)(p • + (iV + Aa)U ■ vTp]da = 0. 

Jd JdD 

Notice that Q C VF"'^'°°(9r2, C) and in fact we will need to work with this regularity on the boundary 
trace. 



3 Gauge invariance for A— B potentials with semi— integer 
circulation 

In this section we shall present in detail a result contained in |17| , related to the gauge invariance 
property of magnetic operators of A-B type, having semi-integer circulation. Our aim is to gen- 
eralize it to the non-homogeneous Cauchy problem, in the case of X^-real boundary traces; this 
will be done in Proposition 13.121 by means of a suitable choice of the gauge in ^ . Throughout 
this section a G is fixed. Let us start introducing the general notion of gauge equivalence for 
magnetic Schrodinger operators. 

Let ri C be bounded domain, J7 be a covering manifold and 11 : 11 ^ 51 be the associated 
projection map. We endow il with the locally flat metric obtained by lifting the Euclidean metric 
of H, in such a way that 11 is a local isometry. Since the differential and integral operators on 51 
coincide locally with the usual ones, we will denote them with the same symbol. 

(3.1) Definition. For a function / : fl ^ C we define the lifted function / : O ^ C as 

/-/°n. 

For a path a : [0, 1] ^ fl and a point p £ VL such that n(p) = (t(0) let a : [0, 1] ^ il denote the 
unique lifted path such that (7(0) = p and 

(T = n O (7. 

(3.2) Lemma. Let Aq, AJj satisfy ([8]) in Da and assume moreover that 

^j,{A!^-Aa)-dK e Z, 

for every closed path a in Da- Then, denoting Da the universal covering manifold of Da, there 
exists e e C^^Da) such f/iaO VO G C^{Da) and 

A'a = A„ + Ve m Da, e''^ G C\Da). (10) 

''Here and in the following we may write, with some abuse of notation, V© instead of n(V0). 
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Proof. Due to the fact that Da is simply connected and Aq, A'^ satisfy ([5]), it holds ^^(A' — A)-dx = 
0, for every closed path a in Da- Therefore there exists e C'^{Da) such that AJ, = Aa + V0 in 
Da- Consider now any two points G Da such that Tl{p) = n(p')- Then for every path a on 
Da connecting p to p' we have 

e(p)-e(p') = 



for some n e Z. Therefore both e*^ and VO are well defined in Da- □ 

Motivated by this lemma, we give the following definition of gauge equivalence. 

(3.3) Definition. We say that A^, A^ satisfying ^ are gauge equivalent in Da if there exists 
e C'^ipa) such that (fTUl) holds (we can also say that the operators Hx^y ^Hp^i y are gauge 
equivalent). 

If in particular the circulation of Aa — A'^ vanishes, then g C^(I?); this implies that every 
magnetic potential satisfying ([7]) has the form ([T]). The next result shows that the solutions of 
gauge equivalent operators only differ by a complex phase, hence in particular they share the same 
nodal set. 

(3.4) Lemma. Let Aa, A'^ as in the previous lemma. IfU£ T-L\ [D) is a solution of Ha^.vU = 
in Da, with Dirichlet boundary conditions, then U' = e^^U is solution of Hx' .vU' = in Da. 

Proof. Let ip £ C^{Da) be a test function and Q G C^{Da) as in the previous lemma, then a 
direct calculation shows that e*®(iV + Aa)^<p = (iV + A'aY {e^^ ip) . By multiplying the equation 
by e*^e~*®, we obtain 

= / U[[i\/ + Aa)V + VLp\dxidx2 = [ C/'[(iV + A'a)^{eJ^^p) + Ve^^ip]dxidx2. 
Jd Jd 

Since e*® G C'^{Da), the result follows by density. □ 
3.1 The twofold covering manifold 

As a particular case of Lemma 13.21 we infer that, whenever the circulation of Aa is an integer, 
the magnetic operator i?A„,y is gauge equivalent to the elliptic operator Hoy = — A + V. Let us 
now turn to consider potentials satisfying ([9|). In this case we can still relate HA.^y and Hoy, 
provided we replace the domain Da with its twofold covering manifold. This result is proved in 
[l6] for the Dirichlet and Neumann homogeneous cases. We point out that the operators are not 
unitarily equivalent since, as we are going to see, there is a one-to-one correspondence between the 
eigenfunctions of Hj^^y and the antisymmetric eigenfunctions of Hoy. 

(3.5) Definition. The twofold covering manifold of Da is the following subset of 

Sa = {{x, y) e C'^ : y^ ^ X ~ a, X e Da}, 
endowed with the locally flat Euclidean metric. We will denote 

IIx : {x, y)^ X liy-. {x, y) y, 
the two projections naturally defined on Sa. 



ve • dx = / (A; - Aa) • dx 
I [A'a - Aa) ■ dx = 2m, 

J (T 
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The following proposition describes more explicitly the locally flat metric considered on E^. 

(3.6) Proposition. There exists a global chart ofT.a which coincides locally with Tlx- In particular 
it induces on Y,a a locally flat Euclidean metric. 

Proof. Let (rci,?9a) be the polar coordinates centered at a, in such a way that 

y^x) = X - a ^ ra{x)e'^-^^''\ 
Then we can define the following parametrization: 

$: [0,4^)x [0,1) ^ I],U{(a,0)} 

The function $ is bijective on [0,47r) x [0, 1) \ $^^(a,0), therefore its inverse is well defined 
on this domain, and it is the desired chart. □ 

(3.7) Definition. We shall use the following notation for the polar coordinates on Sa 

X = re and x — a ^ raC , 

while 

y = pe^^ with the relation p — \/r^, (p = —. 

(3.8) Remark. In the definition of the angle "da we usually consider it a discontinuous function on 
a horizontal segment starting at the point a. Nevertheless we can decide to move the discontinuity 
without altering the previous construction. In the future analysis in particular it will be useful to 
consider -da discontinuous on two adjacent segments (when a ^ 0): the segment connecting the 
origin with a and the segment connecting the origin with a point a;o € 

(3.9) Definition. On the twofold covering manifold we define a symmetry map G : Ea ^ 
Ea, which associates to every [x^y) the unique G{x,y) such that Ilxi{x,y)) = Ilx{G{x,y)), 
that is G{x,y) :~ {x,—y). We say that a function / : Ea — > C is symmetric if f{G{x,y)) = 
f{x,y), y{x,y) e Ea, and antisymmetric if f{G{x,y)) = -f{x,y), V(x,y) G Ea. 

Every function / defined in Da can be lifted on E^ as described in Dcfinition l3.11 by means of 
the projection Hx. Notice that / is always symmetric in the sense of the preceding definition. 

(3.10) Lemma. Let F be K^-real, then there exists an antisymmetric Junction, that we denote 
by ij^^^, such that 

€ C^(aE<j,C) and [(V'^^^)^! = V-, 
where (•)^ denotes the complex square. In particular ^~^^'^T is real valued and antisymmetric. 

Proof. Let ijj be the symmetric lifting of ip on 9Eq, then 

l-^l = 1 and deg -0 = 2(2n + 1). 

Therefore the composition with the complex square root function ?/>^/^ is well defined on 

i9Ea, providing the first part of the statement. The second part comes from the fact that, by 
definition, F = and finally the complex square root is antisymmetric on 9Ea. □ 

The next result shows that Hp^^y is gauge equivalent to -ffo,v' in '^a- Given a boundary trace, 
we select the gauge in such a way to obtain K^,~icaX solutions for every choice of the position of 
the singularity a. 
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(3.11) Lemma. Let T be K^-real and let ip^/'^ as in the previous lemma. Then there exists 
Qa e C^{Da) such tha^ 

(i) e'®" S C^(E(j) is antisymmetric and e*®"|a2^ — ip^^^; 

(a) the potential :— VQa satisfies hence in particular Hj^^ y is gauge equivalent to Hq y 
in T,a- 

Proof. By the definition of ip, it is possible to choose the discontinuity of -da as in Remark 13.81 
in such a way that — ^ logV' ~ is continuous on dD. Hence we can consider its harmonic 

extension on the disk 

' -A$ = inD 
^ = -^\ogi' - ^^-da ondD. ^ ' 

Then the desired potential is the function Qa ■ Da K defined by 

Clearly e'®" is well defined on Eq and e'^° \g^^ = -0^/^. Moreover V0q can be projected in Da and 
Aa := V0a has the form ([T]), with $ defined in (fTTj) . Let us show that e*^° is antisymmetric. Fix 
{x, y) £ Sa and let a : [0, 1] ^ Ea be a path which joins {x, y) to G{x, y), then using the notations 
of Definition 13.11 it holds 

1 / I , 1 / . , 2n + l 

— (B A • dx = — (t Aa ■ dx — , n e Z. 

2ttJ^ 2^7, " 2 ' 

Therefore: 

QaiGix, y)) - Qa{x, y)= f Ve^ • dx = (2n + 1)^, 

J a 

and hence e^'S>cL(G{x,y)) _ _^iea{x,y)^ Finally let ct be a closed path in Ea, then 

J) Aa • dx = J) Aa • dx = 771 G Z, 

since a always turns an even number of times around the singularity. Hence the gauge equivalence 
comes from Lemma [3^ □ 



We can finally prove the existence of a bijection between the solutions of ([3]) and the antisym- 
metric solutions of a real elliptic problem on the twofold covering manifold. 

(3.12) Proposition. Let F, Qa o,nd Aa be as in the previous lemma, and denote by U the corre- 
sponding solution of (0^. Then the function 

«(x,y):=e-^«"(-'^)C/(x,y). (12) 

is antisymmetric, real valued and solves 

— Am + = in Eq 
u = J on dTia, 

where 7 = ^~^^'^T. 



*Here Da is the universal covering of Da 
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Proof. Wc proceed as in Lemma but taking into account the boundary trace, li (p E T-l\ [D) 
is any test function it holds 

= / U[{iV ^ AaYif + Vif\dxidx2+i [t {iV + Aa)^ ■ v + (iV + Aa)U ■ vTp]da 



u[(-A)(e-'Q»93) + Ve~^^''Lp\dxidx2 + i I Y){iS/){e-^^'-ip) ■ v + i\Iu ■ v{e~'^^'-Lp)\d(j. 

Hence for every real valued test function '\\) we have 

(—A?/; + Vil})udxidx2 + / {-y'Vip ■ v — •ip'^u ■ v)da — 0, 

which is the weak form of By Lemma [3. 101 7 is real valued, hence so is u. Moreover u is the 
product of an antisymmetric function times a symmetric one, hence it is antisymmetric. □ 

From now on we will always make this choice of the gauge, in such a way to consider only 
if^-real solutions. 

3.2 Related real elliptic problems 

In this subsection we will prove the existence of a bijection between the solutions of ([3]) and the 
antisymmetric solutions of a real elliptic equation in a bounded subset of R^. This is performed in 
two different ways. In the following lemma we simply apply the projection IIj, to the function u 
defined in ([T^ . We obtain a real valued function which will be suitable for the local analysis that 
we perform in Section 3) 

Here and in the following we will often make the identification C, writing x — {xi, X2) — 

Xi + ix2- We shall use the following standard notation for the complex derivative 









d 1 


{-- 




---1 

dx 2 ' 


\dxi 


8x2) 


9S ~ 2 


\dxi 


8x2) 



where denotes partial derivative. 

(3.13) Lemma. In the same assumptions and notations o f Provosition \3.12\ the function u^^\y) :— 
u o I{y^[y) is an odd solution of the real elliptic equation 

= 7(1) on 8na, 

where V'^^Hy) = A\y\^V o Ily^{y) and -/^^\y) =70 H-i(y). Moreover u^^'> € C^^ n W^^P{na), for 
every p < +00 and 

Proof. Notice that the projection Hj, is a global diffeomorphism of onto its image, hence its 
inverse is well defined 



Hy 1 : Iiy{Y.a) ^ Eo 



y ^{y^ + a,y). 
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It is immediate to see that 11^ ^ is conformal on its domain with respect to the metric defined on 
(by composing with the chart $ defined in Proposition 13 . 6|) : its conformal factor is 



dy 



Now, being a bounded map, it admits a conformal extension in IlyCEa) U {(0, 0)}, see for example 
[llj . Proposition 4.3.3. Hence the statement comes from the well known properties of conformal 
maps. □ 

(3.14) Definition. In the following we will denote by fla the set Ily{Y.a) U {(0,0)}. Notice that 
the singular point a Cz D corresponds to the origin in Qa- 

In order to obtain a function defined in the unit disk (for every position of the singularity a) 
let us compose with a Mobius transformation. This will be more appropriate for the analysis in 
Section O where the parameter a varies. 

(3.15) Lemma. Let u*-^-* : fia ^ M as in the previous lemma. There exists a conformal map 
T'^ : D ^ ria such that u^^'^(y) := u'^^^ o T^{y) satisfies 

-Au(2) + =0 inD 



,(2) 



v(2) 



on dD, 



where V*^2)(y) 



I dy 



(y)|2F(l) o T^{y) and 7(2) (y) = 7(1) o Z{y). 



Proof. Proceeding as in [9] we consider the Mobius transformation: 

X + a 



Ta : D 



Ta{x) 



(14) 



ax + 1 

It is well known that Ta is a conformal map, such that Ta{dD) = dD and Ta{0) = a. Let 
now Ta{x,y) : Eq ~* be the lifting of Ta. More precisely, if we denote for the moment re*'' := 
Ta{x) — a, we have Ta{x, y) = {re^^ +a, y/re"^^). It only remains to prove that the map T'a : D ^ Oa, 
defined by = liy o Ta o n~^, is conformal. Indeed it is clearly conformal outside the origin, 
since the complex square root is conformal on the twofold covering manifold Sa, moreover, being 
bounded, it admits a conformal extension at the origin. □ 

(3.16) Remark. In the previous lemma we have equivalently 

2 



V^^\y)=A\y\ 



dTa, 2. 



VoTaiy^), l^^\y)^loTa{y^) 



We end this section recalling a complex formulation of Green's theorem that we will need later. 

(3.17) Lemma. Let Q C C be a regular domain and $, 5* G C^(il,C). Let A E C^(ri) be a vector 
potential, such that VQ = A. Then it holds 



*(iV + A)2$ dxidx2 = 2i 



on 



d__.de 
dx dx 



$ dx- 



d_ .de 

dx dx 



d_ .de 

dx dx 



^ dxidx2. 



Proof. It is sufficient to apply the following complex formulation of Green's formula 



— — dcci dxo = — - 
dx ^ ^ 2 



see for example [TT], Appendix A. 



Fdx, with F = -4^ (e"*®$) e*®*, 
on dx^ ' 



□ 
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4 Properties of the nodal set 



The aim of this section is the analysis of the nodal set of the solutions of ([3]) and in particular the 
proof of Theorems 11.51 and 11.61 Let us start recalling some known properties of the nodal set and 
singular points of solutions of real elliptic equations of the following kind 

-^f^^'f-' (15) 
/ = 7 on oD, ^ ' 

with V G L°°{D), 7 € W^'°°{dD). By standard regularity results and Sobolcv imbedding, / € 
ct:{D) n W^^PiD), Va e (0, l),p< + 



oo. 



(4.1) Definition. We say that yo G M{f) is a singular point if V/(j/o) = 0. We say that it is a 

dy'' 



zero of order (or multiplicity) n if §-^(2/0) = 0, Vfc < 



For the proof of the following properties we refer to the classical result by Hartman and Wintner 
] and to a recent improvement in [5D] (Theorem 2.1). 



(4.2) Theorem. Let f be a non trivial solution of ([l| 

(i) The interior singular points of f are isolated and have finite multiplicity n G N (n > 1). 

(a) The nodal set of f is the union of finitely many connected arcs which, for a suitable choice of 
the parametrization, are locally C^'" for every a € (0, 1). Moreover such arcs have endpoints 
either at dfl or at interior singular points. 

(Hi) If f has a zero of order n at the origin, then there exists a function ^ ^ C^'°'{D,C), \/ a ^ (0,1), 
with ^(0) = 0, such that 

p"+^ r ~ 1 

/(P: = — TTl "^"+1 cos[(n + 1)^] + d„+i sm[{n + l)Lp] + ^{p, ip) \, 

where y = pe^^ . Equivalently, there exists ^ g C'^'"(D, C), Va G (0, 1), such that 

df 

2^(2/) = y"C(y), ^(0) = c„+i - ifi„+i. 

(iv) If f has a zero of order n at the origin, then for every k < n the following Cauchy formula 
is available 

2 df z f 1 df^ w ^ W -^/(^) , , 

yoy JdD z^iz - y) dz 27r z'«(z - y) 

where the first integral is a complex line integral, whereas the second one is a double integral 
in the real variables zi , Z2 • In particular, an expression for the first non zero coefficients of 
the expansion of f at the origin is 

c„+i - idn+i = 2i [ ^ /i„+i dy - [ -A/ /i„+i dyidy2 
Jan oy Jn 

where ^ ^ 

hn+l{y) = -7. ;iTT- 

27r 

We shall now prove that, under the assumptions we are considering, we can still recover similar 
properties for the magnetic Schrodingcr equation. The local behavior of the nodal lines is unaltered 
far from the singular point a, but the global behavior undergoes meaningful changes. 
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Proof of Theorem ] 1.5[ Choose = VOa as in Lemma [3. Ill so that all the results of Subsection 
13.21 hold true. Let us consider in particular the function u'-'^' : ^ K as in Lemma [3.131 Being 
solution of a real elliptic equation in a bounded domain, it clearly satisfies the properties collected 
in the previous theorem. Now, it suffices to notice that 11^ is locally holomorphic in every open 
set which does not contain the point (a, 0) e Sq, hence the local properties of the nodal lines are 
preserved in the composition and U satisfies Theorem 14.21 at every singular point different from a. 
In order to prove that there is at least one nodal line ending at a, observe that fla is symmetric 
with respect to the origin and w*^^-' is odd. This implies that the nodal set of u^^^ is also symmetric, 
in particular there are at least two arcs of nodal line having an endpoint at the origin. 

In order to prove (iii), let us consider the asymptotic expansion of u'^' near the origirH. Since 
u^^^ is odd. Theorem 14.21 (iii) gives, for some odd k>l 

u'^^\p, V) = [cfc cos{kip) + dk sm{kip)] + o[p''), 

where we used the notation of Definition 13.71 From the definition of u^^-* we can recover an 
expressiorlfl for u: 



J* 2 

U{ra,'da) = 



Cfe COS ( ^i}a] + dk sin (^-d. 



2 \2 



+ o{ra^). 



This last expression is well defined on E^, since the complex square root function is continuous on 
the twofold covering manifold. Finally, (|12p provides the corresponding expression for U which, 
being symmetric, can be projected on D, providing □ 

(4.3) Remark. It comes from the previous proof that the complex phase 8a which appears in 
(jll) is precisely the function Qa defined in Lemma [3. Ill 

(4.4) Proposition. The first non zero coefficients of the asymptotic formula ^ can be expressed 
as 

Ck~idk=AtJ^ Gk(^^-iAaU^ dx^2j Gk{i^ + AafU dxidx2, (16) 

where the first integral is a complex line integral, whereas the second one is a double integral in the 
real variables xi,X2, and 

1 e~'^- 

G.--^7 nr. (17) 

27r (x - a) 2 

Proof. Such as in the previous proof, let us consider the function u^^^: Theorem 14. 2 [ (iv) gives 



Ck - idk = 2i 



/ — ^ — hk dy - / -Au^^) hk dyidy2, with hkiy) = r 

Jdn^ oy Jria y 



Let us remark again that the first integral is a complex line integral, whereas the second one is a 
double integral in real variables, hence by conformal invariance we obtain 

Ck - idk ^2i [ ^ gk dx - [ -Am gk dxidx2, 

where gkix, y) = hk o ^yix, y). By taking the complex derivative in (|12p we obtain 

dx \dx dx J ' 



®The point a G D corresponds to the origin in Ca. 

^Here we wrote u(x) instead of u(x, y) since Ea is endowed with the locally flat metric induced by Tlx 
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and 



-Au 



^ d du 
dx dx 



4e 



~4e 



d d 



-iBa 



d .dQa\ ( d .dOa 



dx 



dx 



dx 



dx 



U 



+ i 



dx dx 



dOa d dQa d 



dx dx dx dx 



dQg dOg 

dx dx 



U 



By replacing the last expressions in the integral, we obtain 



Ck - idk = 2« 



dU ^-^dQg 
dx dx 



dx 



gk{iV + Aafil dxidx2- 



In order to conclude the proof it is sufficient to define 



Gk{x,y) 



-iBa 



gk{x,y)=e ''''hkoIly{x,y), 



and then to observe that both integrands arc symmetric on E^, therefore the last expression can 
be projected on D. □ 



Let us now turn to the particular case T Cz G. 



Proof of Theorem \l.b\ We claim that the nodal arcs of U can not be closed curves. In fact u*^^^ 
satisfies the maximum principle, since assumption ([5]) is preserved by conformal transformations. 
Thus the nodal lines of u^^^ can not be closed curves (by the unique continuation property for 
real elliptic equations), and this property is preserved by the projections 11^, 11^. Now, since T 
vanishes exactly three times on dD, then by simple geometric considerations wc infer that there 
can be at most three nodal lines. The second part of the statement can be obtained similarly, by 
analyzing the behavior of the nodal set of u^^^\ the number of nodal lines depends in particular on 
the form of the boundary trace. Since T & Q then, by Lemma [3.101 7 = ij:~^/'^T is real valued and 
antisymmetric. Hence in particular |'!/;~^/^r| can be projected on D and, by definition of Q, there 
exists (71, 72, 73) G g such that |'!/)~^/^r| = |r| = X]i=i li- ^ ^he global chart of introduced 
in Proposition 13.61 then 7 has the form 

3 

7 o = ^ (7,7, for ?9 e [0, 27r) 7 o $(1?) = -7 o $(1? - 27r) for e [27r, 47r) 

i=l 

for some ui = ±1. It has just been shown that the nodal regions are connected, hence, depending 
on the signs Ui, one obtains the configurations described in the statement. □ 



5 Criticality and local uniqueness 

This section contains the technical part of the paper. We shall prove Theorems 11.11 11.71 and a 
local uniqueness result (a local version of Theorem ll.9p . Throughout this section F e is fixed 
and Aq = V0a is the potential chosen in Lemma 13.111 Since the position of the singularity is 
now a variable of the problem, wc will denote by Ua the corresponding solution of ([3]), stressing 
the dependence on the parameter a. Similarly, Ua will be the function defined in Proposition 13 . 1 2l 
(with boundary trace 7 as in the previous proof). Moreover we will denote by u'a^ and ui^' the 
functions introduced in Lemma 13.131 and 13.151 respectively. 
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5.1 Preliminary estimates 

(5.1) Lemma. Let fl be a compact subset of D. For every a G (0, 1) there exists a constant C > 
such that 

ll4'^-4''llcMa)<C|ar: Vael?. 
The same estimate holds for u^a \ whenever 51 C H i^o- 

Proof. By standard imbeddings, V e C°^°'{D), Va G (0,1) and 7 G C°'^{dD). By using Remark 
13.161 and remembering that the Mobius transformation Ta{y'^) is regular, it is easy to see that for 
every a G (0, 1) there exists a constant C > such that 

ri'^ - V^'^h^^n) + H'^ l^'^h^OD) < C\ar, Va G D. 
(2) 

On the other hand, Ua is solution of an elliptic problem, hence by standard regularity results it 
holds 

H''>-4'''\\w^.Hn)<C\ar^ 

which gives the first part of the statement. Finally observe that u'^a^ is the composition of ui^-* 
with a regular function (by Lemma l3. 151 again) . hence the same estimate holds, whenever it is well 
defined. □ 

In case of triple point configuration, the previous estimates can be improved as follows. 

(5.2) Lemma. Suppose that the origin is a triple point for T. There exists e > such that for 
every a G (1/2, 1) there exists C > such that it holds 

for every a € D with \a\ < e. 

Proof. Since the origin is a triple point, the asymptotic expansion ([¥]) of Uq holds with fc = 3, 
hence < Cr^, |Vm[,^'| < C'r^ in Dr. Let e > be such that the disk of radius |3a|i/2 is 

contained in fla, whenever \a\ < e. Then Lemma ISTT] implies the existence of C > such that 



u 



(1) 



|l- + ||v4^)||loo < C|ar inD 



'3|q|' 



whenever \a\ < e. Since < 2\a\ implies |y| < |3a|^/^ in E^, this immediately gives the first 
inequality of the statement. Now, by definition it holds 

\Wua{y +a,y)\^ — . 

Observe that \x\ — 2\a\ implies |ap/^ < |y| < |3a|^/^ in Ea, hence we finally obtain 

|a|" 

llVu,||Loo(aD,|„|) < <^^^T75' 
which is the second inequality. □ 
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5.2 Proof of Theorem im 



Let us first establish, under regularity assumptions on the boundary trace, the differentiability of 
the function (p{a) (which is defined in the statement of Theorem 1 1.7p . 



IS 



(5.3) Proposition. Assume that 7 G C^'^{dQ,), then the function (p{a) defined in Theorem \1.7\ 
differentiahle. 

Proof. Notice that we can rewrite ^{a) in the following way: 

via) = ^ (|(*V + Aa)Ua? + V\Ua?) dx,dx2 = \j^ (iVui'^p + VPiu^^^f) dy.dy^. 

Let us start showing the existence of the partial derivatives of ip{a); without loss of generality we can 
consider the derivative in the direction a — (a, 0), centered at the origin. By regularity assumptions 

and Remark 13.161 there exist the weak derivatives ^^'^ G L°°{D) and q^i G L°°{dD). If we 
prove that 



lim 



(2) 



da 



lim 

a— >0 



7a 



(2) 



7o 



(2) 



(2) 



da 



(18) 



then standard regularity results for elliptic equations ensure the existence of u; G H^{D), solution 
of the following equation 



da la=0 



u^^' = 



in D 
on dD, 



such that 



lim 



(2) (2) 
Ma - tin 



W 



m{D) 



This implies the existence of the partial derivative 



(2) 



(2) 



2 da 



Hence let us prove ([T5)) . In order to simplify notations we denote here i?(a, y) := Ta{y'^), where Ta 
is defined in ([T^ . It is sufficient to estimate the following quantity (as a ^ 0) since, by Remark 
13.161 again, the other terms are regular 



V{R{a,y))^V{R{Q,y)) dV{R{a,y)). 



da 



la=0 



< 



< 



da 



da 



a=0 



dt. 



By Lusin's theorem, the integrand converges to zero outside an arbitrarily small set. Then, by 

applying Lebesgue convergence theorem, we obtain the first relation in (|18p . The second one can 

be proved in a similar way, implying the existence of the partial derivatives of ip{a). In order to 

(2) 

prove differentiability we test the equation for Uq with w, obtaining 



dip 
da 



(0) 



(2) 

wVun ■ vd(T 



1 



dV^ 



(2) 



la=o("o^')^^2'l^2/2 



idD 2 jjj da 

The continuity of this function, with respect to a, comes from Lemma l5. II and from the regularity 
of 7. □ 
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The proof of Theorem 1 1.71 will be divided into two steps. First we need to show that the triple 
points are critical for the function ip{a)] it will be an immediate consequence of the following 
proposition. 

(5.4) Proposition. Suppose that the origin is a triple point for T, then 

^.^^ QA^,viUa)-QAo,viUo) _Q 
\a\^0 \a\ 

In particular, by the coercivity assumption, the following holds 

\\Ua-Uo\\LHD) ^ 

hm — ~ 0. 

|a|-0 \a\ 

Proof. Wc split the energy function into the sum of two integrals: 

QA^,viUa)~QAo,viUo) = / + Aa)Ua\^ + Ao)Uo\^ +V{\Ua\^ -\Uo\^))dxidx2 

J D 

= I + 11, 

where I is the integral in the annulus D \ D2\a\ and II is the integral in the ball D2\a\- 

As it concerns the integral in the exterior annulus, the key observation is that both uq and Ua 
are well defined in the twofold covering manifold Eq \ n~^(£'2|a|)i since the domain D \ D2\a\ does 
not contain any singularity. The difference function satisfies the equation 

-A(ua - Uq) + V{ua - uo) = in So \ n^^(L'2|a|) 
Ua ~ uq ~ on dTiQ, 

therefore Lemma 15.21 gives, for a sufficiently small, 

d 



[\V{Ua- Uq)\^ +V{Ua~ U^f) dXidX2 < / Wa - Uq\ 



da 



< 47r|a| sup {|V(ua - Mo)||"a - Mo|} 

By choosing a ~ 7/8 and using the coercivity assumption ^ we infer 

\V{ua — uo)\'^dxidx2 + {ua~ uo)'^dxidx2 < C\af^^. 

On the other hand by conformal invariance it holds 

I<ci \\7{ua- uo)\'^dxidx2] +C'i ^-^0)^^x1^x2) 

V"'^\^2|a| / yD\D2l^l J 

which, together with the previous inequality, gives / < C|a|^/^. 

As it concerns the integral in D2\a\ , we proceed in a similar way and apply Lemma [5.1[ obtaining 

// < c(^l ^^\Viul^^ ~u^^'>)\^dxidx2^ +^'(/ ^ ^ (4'^ - 4'Vrfa^irfa^2 j 
< |a|i/2+". 
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By choosing a = 5/8 here, wc finally obtain 

lini i±II. = hm |a|i/8 = 0, 

|a|— \a\ \a\^0 

which concludes the proof. □ 

The next result deals with the case there is no multiple clustering and shows that the converse 
of the previous proposition also holds. 

(5.5) Proposition. Suppose that the origin is not a triple point for T. There exist h,C' > such 
that for every < h < h there exist a ^ D with \a\ = h and a function Za G 'H\ (D) such that 

y QAa,v{Za) - Qao.v{Uo) n ^ V - l|f^o|li2(DX) „ 

hm ■ ■ < — G and lim ^ —— ^ = 0. 

|aHO \a\ |a|^0 \a\ 

Proof. By Theorems ll.5[ II. 6[ Uq has the following asymptotic expansion around the origir0 

C/o(r,??) =Ce*®V5cos(^-a) + o(r5), (19) 

for some C ^ 0. In particular there is exactly one nodal line ending at the origin and there exists h 
such that the disk Dj^ does not intersect any other nodal line of Uq. For every h <h\e\,w : Dh K 
be the (nonnegative) solution of 

-Aw + Vw = Q in Dh 
w = |uo| on dDh- 

Let now a G Af{Uo) be the unique point with \a\ = h. We define a new function Za : ^ M as 

, , _ ( a{x,y)w{x,y) {x,y) G U^^Dh) 
Za[x,y)-<^ a(x,2/)|uo| (x, y) G Sa \ n;^HAO, 

where a{x, y) = ±1 in such a way that Za is antisymmetric on Ea- If 6a : 5]a — ^ K is defined as in 
Lemma [Sm then Za = U^{e-'^' Za) G WX^-D) and 

QA^,v{Za) - QAo.viUo) = / [|V«;|2 - IVmoP + Viw^ - uD] dxidx2. 

In order to estimate the limit as \a\ = h ^ 0, we perform the following change of variables 

u'^^\y) = -^Uo{hy^,Vhy), w^'^^y) = ^«^(%')- 

These functions satisfy the rescaled problems 

r -AwC') + = in £> ( -A^C*) + hVihy^)w(^^ =0 in L> 

j m(^) = -^UQ{hy^,Vhy) on dD, { w^^^ = \u(^\ on dD. 

Moreover by (fig]) , m'^''-' satisfies the asymptotic expansion 

M^''^ (p, (^) = Cp cos(.^ - a) + o{Vhp) , 



''Here, respect to equation we have set a = arctan(di /ci) and C = ci/ cos a ^ 0. 
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where as usual y = pe}^ . This ensures the existence of a hmit function u°° such that 

f -Am°° = in ,1 |'^^ ooii ALA 

\ ooi \ r-< ( \ on and ^ - u Uw7^^ ^ 0, as ft ^ 0. 

w (p, = C cos(<p — a) on oD " 

As a consequence, — ^0, Vp £ (1, +oo), which imphes 

f -Aw'^ = in D ooii ALA 

1 oo/ \ 1^ / M on and Wiv'^'-w fl-wj,) ^ 0, as /i ^ 0. 

1^ w (p, (p) = |6 cos((^ — a)| on oD " " ^ ' 

Therefore we have obtained 

QAa.y{Za) - QAo.viUo) y 1 /■ r|„ ,2 lyy |2 , t// 2 2n1 . . 

lim = hm — / Vw — Vuq +V[w —UQ)\dxiax2 

laHo \a\ h^o h Jd^ 

= [ [\Vw°-\'-\Vu^\']dy,dy2. 
Jd 

The second inequaUty in the statement is now proved, let us go to the first one. By choosing the 
coordinates in such a way that a = in (|19p . we have 



= Cpcos((p), / \Vu°°\^dyidy2 = C^tt, 
Jd 



and 



which gives 



2\C\ 



TT 



f ,^ 00,2 , , 32C2 ^ n 44C2 



97r 



concluding the proof (since C 7^ 0). □ 

Proof of Theorem \1.7\ Assume first the origin is a triple point for F (this is not restrictive since 
we can always apply the the conformal map Ta defined in (|14p). We have shown in Proposition 
[Ml that 

^'(0) = lim Q^MUa)- QAo,viUo) ^ 
laHo \a\ 

hence the origin is a critical point of ip{a). On the other hand if the origin is not a triple point 
for r, then by definition ip{a) < QAa,,v{Za), where a is sufficiently small and Za is defined in 
Proposition [531 Therefore there exists C > such that 

^'(0) < lim QA„,V-(^a) - QAo.y(t/o) ^ _^ 

laHo \a\ 

and in this case the origin is not a critical point of ^p{a). □ 
5.3 Proof of Theorem 11.11 

Let us fix the notations as follows. Let be the fc-eigenvalue of the operator i?A„,o with Dirichlet 
boundary conditions \n D {k positive integer). Correspondingly, we denote by V'a any associated 
eigenfunction normalized in the L^-norm. 
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(5.6) Remark. There exists a basis of K-ical eigenfunctions of -ffA„,o with Dirichlct boundary 
conditions. Moreover every eigenfunction, being a eomplex muhiple of a A'-real function, satisfies 
properties (i)-(ii)-(iii) in Theorem 11.51 

We recaU that 

t ( fnliiy + Aa)U\'^dxidx2 1, , f —i 

Xl = /^[[/pXidx^ '■ ^ ^ = 0, V 1 < J < fc - 1 

The proof of Theorem 11.11 is similar to the one of Theorem 11.71 except for the fact that the 
function Za introduced therein needs to be orthogonal to the first fc — 1 eigenfimctions. This is 
precisely the content of the following proposition. 

(5.7) Proposition. Assume that the nodal set of does not present multiple clustering at the 
origin. There exist h,C > such that for every < h < h there exist a Cz D satisfying \a\ = h and 
a function Za G (D) such that 



^12 ,|,T,fc||2 

|a|^0 \a\ ' |a|^0 

F7J 



and moreover, if k > 2, it holds Jj^ Za'^a ~ /"'^ every 1 < j < k — 1. 

Proof. Let us start assuming that the first k eigenvalues of Ha^.o a-rc simple. We shall perform 
the proof for k = 1,2, it should be clear how to modify it in the remaining cases. Let us choose 
e > so small that for every a € [— e, e] the linear combination 



^'(a) = alil) + Vl - a^fg 

admits a local expansion 

i9 



Ci (a) cos — + di (a) sin ^ 



+ o(r2), 



where ci{a),di{a) arc real constant such that ci(a)^ + di{a)^ > S for some i5 > 0. Such an e 
clearly exists by Remark 15.61 and by assumption. Therefore there exists h > such that the disk 
Dj^ intersects exactly one nodal line of \E'(a) for every a E [— e, e]. For < /i < ft. let a{a, h) be the 
only point satisfying a(a, h) S M{^{a)) and \a{a, h)\ = h; clearly a{a, 0) = 0. Let now 

—Aw = XqW in Dh 
w = |^f(a)| on dDh- 

and define Za = Za{a,h) similarly to Proposition l5.5l Proceeding as therein, we immediately obtain 
the existence of a constant C > such that 

hm Qa.,o(^.)-Qa.o(^(c.)) ^ "^°"^-^-);''^(")"^--'-) . 

|aHO \a\ |a|— \a\ 

for every a G [— e, e] and < h < h. Now, since 

/ |(iV + Ao)1'(a)pda;ida;2 = aAn + VT~~^A^ < A^, and / |*(a)pdxida-2 = 1, 
Jd J d 

we immediately obtain that the functions Za{a,h) satisfy the first part of the statement for every 
a G [— e, e], hence the proof is complete in the case k — \. If fc = 2, let us show that we can select 
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a in such a way that the orthogonahty condition is satisfied. To this aim consider, for every fixed 
< h < h, the foUowing map 



Za{a,h)'Sl(a.h)dxidx2. 

D 

It coincides with the identity for h = and, being the eigenvalues simple, depends continuously 
on h. Therefore, thanks to the Theorem of Borsuk-Ulam, it admits a zero for every h sufficiently 
small, proving the proposition in case of simple eigenvalues. 

In the general case it is possible to perform an arbitrarily small perturbation of the domain 
in such a way that the eigenvalues are simple on the new domain (see |27j). Moreover, the new 
domain can be chosen diffeomorphic to disk, hence by conformal invariance this is equivalent to 
working with generalized eigenfunctions, which minimize the generalized Rayleigh quotient 



J^Vix)\U\^dxidx2 ' 



where V{x) > is the Jacobian of the conformal transformation. It only remains to check that 
the constant C which appears in the statement is independent on the choice of the potential V{x). 
But this was already proved in Proposition 15.51 where the constant C is explicitly determined. 
Finally, by regularity, the energy of the perturbed problem converges to the one of the original 
problem. □ 

Proof of Theorem Assume first that 'I'q does not present multiple intersection of the nodal 
lines at the origin; let us prove that the origin is not a critical point of the function a i-^ A^. Let 
Za be the function introduced in Proposition 15 . 71 then 

A? < 



2 Id |(»V + Aa)Za\'^dxidx2 



Jj^ \ZaPdxidx2 

hence a simple manipulation gives (by recalling that \"i!Q\^dxidx2 = 1) 

lim < lim / + Ao)Za\'' - + Ao)^l\'') dxidx2 

\a\~.0 \a\ lal^oJo 

+ Xl lim / (|*2|2_ |Z,|2)d.Tidx2, 
which is strictly negative by virtue of Proposition [521 n 



Proof of Corollary \ 1.21 As it concerns the first part of the statement, the only non trivial fact is 
the differentiability of the eigenvalue as long as it remains simple. This can be seen, for example, 
by using Riemann mapping theorem composed with a Mobius map in order to transform the 
punctured domain in the standard punctured disk with the origin removed. Next we can square 
the independent variable and lift the eigenvalues problem to the disk. By conformal invariance, 
the new eigenvalues problem depends smoothly on the parameter a. 

Let us turn to the second part of the statement, concerning the first eigenvalue. It is not 
difficult to show (see (22) that 

lim Ai =Ai(f}), 

a— >aO 

whereas the diamagnetic inequality gives A^ > Ai(ri), hence the map a i-^ Ajj must have an interior 
maximum. In order to conclude the proof, assume by contradiction that the first eigenvalue is 



22 



simple at this maximum. Then would be differentiable with respect to a and Theorem 11.11 
would imply the existence of a multiple junction at a. But this is a contradiction, since the first 
eigenfunction ^f;^ has exactly one nodal line. On the other hand, it is proved in [T7] that the 
multiplicity of the first eigenvalue is at most two, which concludes the proof. □ 



5.4 Local uniqueness of the triple point. 

Following [5], we shall base the proof of Theorem II. 91 on a local uniqueness result. 

(5.8) Theorem. (Local uniqueness) Suppose that T G Q admits a triple point ar G D. Then 
there exist e > 0, C > such that, for every boundary data K G Q satisfying \\T — ^\\L'^(dD) < 
there exists exactly one (triple point for K) satisfying |ar — oaI < C||r — A| l^^oo^g^)-) . 

Proof. We can assume without loss of generality that ar = (by applying the conformal map T^p 
defined in ifM]) '). in such a way that the function Uq (with boundary trace F) has a triple point at 
the origin. Let now A G 5 be any boundary trace and let Ua be the corresponding solution of ^ . 
Denote by Ci(a), c?i(a) the coefficients of order one in the asymptotic expansion of Ua, as in pB]) . 
Notice that, if the boundary trace is precisely F and a = 0, then, by Theorem 11.61 it holds 

ci(0) =di(0) = 0, C3(0)2 + d3(0)V0. (20) 

Following [5, Proposition 3.2, where the authors study the particular case V = 0, we shall apply 
the implicit function theorem to the map 

(A, a) ^ (ci(a),di(a)). (21) 

Theorem 11.61 again ensures that a is a triple point if and only if ci(a) — di{a) — 0. Therefore the 
theorem is proved, provided we can locally solve this equation for a in a neighborhood of (F, 0). 

First of all we observe that (pij) defines a function. Indeed it comes from the proof of 
Proposition I4.4jt hat (ci(a), c?i(a)) = Vyiti^^(O), and regularity can be proved proceeding as in 
Proposition 15 . Sli Therefore we only need to show that the 2x2 Jaeobian matrix 

Va(ci(a),di(a)) 

a=0 

is invertible. By p6p it holds 

ci(a) - idi{a) ^ Ai J Gi,a - iAa^ Ua dx - 2 J Gi,a(iV + AafUa dxidx2, (22) 



with 



2n {x~a)i 



Notice that the differential operator commutes with the integral since the functions (x) ~ 

(x-a)'-^/^ belong to L^{D) for every a. The main difficulty here is that we do not know the behavior 
of Ua with respect to the variation of the parameter a, therefore we need to manipulate the last 
expression before differentiating. In order to get rid of the boundary integral in (|22p , we introduce 
a new function Fa : D solution of the equation 

Fa = Gin on dD. 



'Here we do not need additional regularity on the boundary data, since the estimates arc local. 
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By applying Green's formula f Lemma 13. 17p . equation becomes 

ci(a) - idi{a) = 2 {Fa- Gi.„)(iV + AafUa dxidx2 
Jd 

= 2 f {Fa- Gi,,)(iV + Ao)''Uo dxidx2 + 2 f {Fa- Gi,a){VUo - VUa) dxidx2. 
JD JD 

Now, the last term in the previous equality plays no role in the computation of the derivative, 
since by Proposition 15.41 it holds 

{Fa-Gi,a){VUo-VUa) dxidX2 

< 2\\V\\L..^n)\\Fa - Gi,a||L2p)||C/o - UallLHD) = o{\a\). 
Remembering that Uq has a triple point at the origin, we compute 



d 

— (ci(a) - idi{a)) 



= I ^ + 1 (ci(a) - idi{a)) 



a=o V da da 



{^^ + AofUo((-^+^^ 
jj \\oa oa 



Fa 



a=0 

_ d ^ .dQa 
a=o \ da da 



Gl,a 



dxidx2- (23) 



We can differentiate Gi^a directly since, being integrable, its distributional derivative coincides 
with the a.e. derivative 



d .dea\^ 

oa oa 



Notice that we obtain a multiple of the function defined in (jl7p for fc = 3, which gives information 
about the asymptotic behavior of the solution at order three. Then we differentiate the equation 

+^^)^a=0 oni^ 
on dD, 



da 



da 



and by using Green's formula again, we recover 

d . -^^^^ Fa ■ {i^ + Ao)^Uo dxidx2 

d , .96, 



jj \da^ da 



2i 



dD 



da da 



Gl.a 



^ — ^^r~ I ^0 dx 
Ox ox 



2l / G3,a 
JdD 



d .dQa 
dx dx 



Uq dx. 



Now, by replacing the last expression in (j23p we obtain 
d 



da 



(ci(a) - idi{a)) 



which finally implies 



= 2z / G-s.o - Uodx- I G3.o(jV + A^fUo dxidx2, 

a=o Jqd \dx dx J Jd 



|-(ci(a)-*di(a)) =i(c3(0)-zd3(0)). 
Oa a=Q 2 



Equation (j20p ensures that this quantity does not vanish, hence the implicit function theorem 
applies to (pi]) in a neighborhood of (F, 0) and the theorem is proved. □ 
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6 Energy minimizing partitions and global uniqueness 



In this section we shall prove all the remaining results stated in the introduction, apart from 
the continuous dependence of the nodal lines with respect to the boundary trace, which will be 
the object of the last section. All the problems involved are interconnected and strongly related 
to previous works by Conti, Terracini and Verzini. There is a relation between the triple point 
configuration of the solutions of ([3]) , the class introduced in Theorem 11.101 and the optimal 
partition problem In order to analyze this relation we shall recall some known results, we refer 
to [HI [HI 13 IS] for the proofs and for further details. Throughout this section, assumption ([5]) holds. 

(6.1) Definition. Let (7;) e g and correspondingly let (ui) E S^. We denote by uji = {ui > 0}. 
The multiplicity of a point x E D (with respect to (wi)) is 

m{x) = tt{i : measurc(a;i n Dr{x)) > Vr > 0}. 

Notice that 1 < m(x) < 3. 

The properties that we will need can be summarized briethly as follows. 

(6.2) Theorem. Let (7^) G g and correspondingly let (ui) € Sy, then 

(i) ui + M2 + U3 G W^'°°{D), hence in particular every uJi is open; 
(a) there exists exactly one point a E D such that m{a) = 3 with respect to (ui); 
(Hi) let a be as in (ii); if a E dD then (ui) is the only element of S^; 

(iv) if m(a) = 3 both with respect to (u;) and (vi) £ S-y, then (ui) = (vi); 

(v) given a as in (ii), consider the twofold covering manifold and the following functions 
defined on it 

3 3 
u{x,y) ■.= '^cr{x,y)uion^{x,y), l{x,y) := ^ cr(x, ?/)7i o n^(x, y), 

i=l i=l 

where a{x,y) — ±1 in such a way that they have alternate signs on adjacent supports. Then 
u satisfies ilS\) in with boundary trace 7. 

With some abuse of notations we will call a the triple point of (iti). Properties (ii) and (v) of 
the previous theorem, together with the analysis performed in Section [31 immediately give 

(6.3) Corollary. Let (7^) G g and let T E Q be such that |r| = X]i=i7i- There is a bijection 
between the elements of having interior triple point (i.e. a E D) and the solutions of ^Bj) which 
admit triple point. Moreover, the bijection preserves the nodal set. 

Let us now turn to the relation with the optimal partition problem ([5]). It is contained in the 
following theorem, which is proved in [8]. 

(6.4) Theorem. Given (7^) E g, let 

( Ui ■ Uj =^ a.e. X E D, for i j J 

The minimization problem 

3 

min V / (\Wui\^ + Vu^i) dxidx2 (24) 
has a unique solution, which belongs to S-y. 
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Proof of Theorem \l.l(A (Sketch). First of all by Theorem 16.21 (iii), we can concentrate on those 
elements of S~f having interior triple points. Corollary 16 . 31 together with Theorem 15.81 immediately 
give the following local uniqueness property for (which is the analogous of Proposition 3.2 in 

let {ui) £ S-y and let a-y G 13 be its triple point; there exist e, C > such that for every (Ai) € g 
satisfying ll^j ~ K\\L'=°{dD) < £i there exists exactly one a\ £ D (triple point for (A^)) such 

that -ax\ < C^^Li II^j ^ >^i\\L'=-iaD)- 

The fact that S-y consists of exactly one element can now be proved exactly as in [5] , Theorem 

I. 3; we only sketch the procedure here. Assume by contradiction that (ui) G is the solution of 
p4|) and (w;) ^ (ui) £ S^. By Theorem l6.2[ (iv), the triple points of (ui) and (wj) can not coincide. 
The authors apply a blow up procedure to (vi) in a neighborhood of the triple point and prove 
convergence. Thus, using the minimality result expressed in Theorem 16. 4[ they deduce that (ui) 
and (vi) can be connected by a continuous path of triple point configurations, which contradicts 
the local uniqueness. 

Hence Sy contains exactly one element (ui,U2,U3) which is the solution of (|24p . The corre- 
sponding supports uji ~ {ui > 0}, which are open by Theorem 16.21 (i), are clearly the solutions of 
®. □ 

Proof of Theorems \1.8\ and \1.9l Both the statements are an immediate consequence of Theorem 

II. 101 and CoroUarv 16.31 The second part of Theorem 11.91 comes from Theorem 15.81 □ 

As we mentioned in the introduction, it is possible to give another characterization of these 
results, in terms of the limiting configuration of the solutions of a competition-diffusion system. 
In [7] the authors study the following family of elliptic system, with parameter k 

> infl (25) 

= 7i on dQ. 

Here k represents the competition between two different densities; the authors analyze the behavior 
of the solutions as n +oo. They prove convergence to a limiting configuration (wi, 1*2,^3) and 
presence of the segregation phenomenon, that is ut ■ Uj = a.e. a: € il, for i ^ j. Our Theorem 
11.101 implies that the limiting configuration is in fact solution of , more precisely 

(6.5) Theorem. Let (7^) e g and V satisfy (0). Every solution (wi^k, U2,k, W3_k) of (|25p satisfies 

(i) the whole sequence Ui,^ converges to a function Ui in H C*''"(51) for every a G (0, 1), as 

K — > +00; 

(ii) the limiting triple (wi,M2,it3) € S-y achieves the minimum in \24^ and correspondingly the 
supports are solutions of (0). 



7 Continuous dependence of the nodal arcs with respect to 
the boundary trace 

Unlike the previous sections, here we let the boundary trace vary, hence it will be convenient to 
adopt a different notation. 

(7.1) Definition. We denote by Fq a trace belonging to Q, having a triple point at a. Let Ua 
be the solution of ([3]) with boundary trace F^, singularity at a and magnetic potential defined 
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in Lemma 13.111 Then the nodal set of Ua consists of three arcs meeting at a; we will denote by 
rjait) : (Ti, T2) ^ C a parametrization of one nodal arc of Ua- 

It is worth to stress that every function Ua considered in this section has a triple point. Notice 
that, thanks to Theorem l5.8l all the boundary traces sufficiently close to in the L°°-norm, also 
admit triple point. It holds 

(7.2) Theorem. Assume that ^ holds. Let O CC D and let j3 e (0, 1/2). Given Vai, there exist 
e, C > such that for every F^^ e Q with \\Tai — F^j (5Z)) < t, it holds 

WVai - 'yaa 1 101.-9(0) ^ C'll^ai " | j^oo (g^,) , 

for a suitable choice of the nodal arcs and of the parametrization. 

The rest of the paragraph is devoted to the proof of Theorem 1 7. 21 hence we will tacitly assume 
the hypothesis and notations stated therein; in particular CC D is fixed. Notice that, by applying 
the conformal transformation T^^ defined in (|14p . we can assume without loss of generality that 

oi = 0, 02 — a. As usual, it will be convenient to work with the functions u'lP introduced in 
Lemma [3. 131 we start with some estimates. 

(7.3) Lemma. Let a G (0,1). Given Fg there exist e, C > such that for every Ta satisfying 
W^a - Fo||L->(a_D) < e, it holds 

ri'^ - ^o'''|Il~(o) + - 4'^llci.= (n) < C\\Ta - T.W^^^oD). 

Proof. By Theorem 15.81 we infer the existence of ei,Ci such that \a\ < Ci||Fa — Fo||L=(aD), for 
every F^ satisfying ||Fa — ^o\\L°^{dD) < ei- Proceeding as in Lemma [5. II we obtain 

The same estimate clearly holds for ul^^ provided we choose e < ei in such a way that C fla- □ 
Motivetcd by the previous lemma, we define 

Go = {Fa e ^ : ||Fa - FollL^(aD) < e}. 

Therefore we can rewrite the statement of Theorem [72] in the following way: given a G (0, 1) there 
exists C > such that 

Wvi'^ - vi'^iy.^m < C\\ra - Fo|U~(az,), V F„ e Go, 

for a suitable choice of the nodal arcs and of the parametrization. Here Tyi^' is any branch of nodal 
line of and by definition it holds ria{t) ~ ('?a^'(0)'- 

The main tool for our analysis will be Theorem 14.21 in particular the Holder regularity results 
proved by Helffer, Hoffmann-Ostenhof and Terracini in [20]. For clarity of exposition, we shall 
recall in the following lemma how these results apply to the function u^a^. 

(7.4) Lemma. There exists ^a e ^^"(f^Q, C), Va e (0,1), with |a(0) = 0, such that 

u'aHp^v) = y|c3(a)cos(3.^) +d3(a)sin(3(p) +|a(p,</?)}, 
where y = pe"^. Equivalently, there exists G (^"'"(^^a, C), Va G (0, 1), such that 

2^[y)=yHa{v), ?a(0) = C3(a)-zd3(a)^0. (26) 
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Moreover for every k < 2 the following Cauchy formula is available 



(1) 



dy 



-iy) 



1 



(1) 



1 



ana z^i^ ~ V) 9z ^^'^ ~^ 27r 



z^{z - y) 



dzidz2 



(27) 



where the first integral is a complex line integral, whereas the second one is a double integral in the 
real variables zi , Z2 . 

Using some ideas in [20], Theorem 2.1, we can prove the following estimate. 

(7.5) Lemma. Let ^aiCa &e the functions defined in the previous lemma. Given a S (0, 1), there 
exists a positive constant C such that for every € Qq it holds 

\\S.a - ?ollcO'°(n) - C'll^a - ^o\\L-^{dD)- 

The same estimate holds for the function 

Proof. We prove this result by induction on where for k ~ 0, 1, 2 we define 

Tfe : D ^C°'"(fi,C) 
2 dui'^ 

y (jy 

Suppose first fc 0. An integral expression for Tk{a) is given by (|27p . hence it is enough to show 
the existence of C > such that 



(1) 



du, 



on 



dz 



dz 



1 



1 



z-yi z-y2 



dz 



+ 



,(1) 



yi z-y2 



dzidz2 



<C||ra-ro|Uoo(a^)|yi-y2r 



for every Fq G Qq. The first integral is smooth in y, hence it is sufficient to apply Lemma 17.31 As 
it concerns the second integral, following [^Oj we write 



< 



yi z-y2 



dzidz2 
1 



1 



z-yi z-y2 

(i)ii - ii„,(i: 



dzidz2 



\yi - y2\ 



z-yi\\z~y2\ 



dzidz2 



< CIIFq - ro||Loo(a£,)|?/i - y2\\og\yi - 2/2!, 

where we used Lemma l7.3l in the last inequality. This concludes the proof for fc = 0; now assuming 
that the result holds for fc = or fc = 1, let us prove it for fc + 1. By assumption there exists C > 
such that for every Fq e Qo it holds 



2 du'^ 



(1) 



2 du, 



(1) 



yk Qy yk Qy 



co.°(n) 



Since fc < 2 and the origin is a zero of order two for u'^\ we have lim^^o ^ = 0, Va. As a 
consequence, the inductive assumption gives 

1 



sup ■ 



ye 



o \y 



k+a 



(2/) — ^yy) 



dy 



dy 
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Following [13] we use the identity 



9wq 



(1) 



-(t, if) cos if - 



dy2 



{t, if) snvLp dt 



which implies, together with the previous inequality 



|(4')-4^))(y)|< / \y\ 



dull-' (9uq^' 
dy dy 



(ty) 



dt<C\\Ta-To\\L^^OD)\y\ 



k+l+a 



(28) 



for every y G il. Now we can proceed as in the case fc = 0: 

1 



< \\vP 



Il~(o) 



z~yi z-y2 



dzidz2 



Ua tin 



+ \\Vy^-Vo'''\ 



< CWTa - To\\L--{dD)\yi - y2|log|2/i - y-il 



"o 




^k+1 





\yi - y2|log|yi - y2|, 



where we used ([^5)) in the last inequality. This conclude the estimate for ^a, it is easy to see that 
it implies the same estimate on ^q. □ 

Choose now a branch of nodal line of ui^' satisfying 

:(ri,r2)-.C, limryW(i) = 0, vi'\t) ^ ^ ^ t e (T.^T^), 
t^i 1 

with Ti,T2 eventually infinite. Then it must hold 

where Ka{t) is any real function, sufficiently regular in (Ti, T2). Since every ui^^ has a zero of order 
two at the origin, we choose 



By using the polar coordinates rii^\t) ~ (t)e*'^'' the equation for the curve becomes 



Pa 



(29) 



(7.6) Lemma. With this choice of the parametrization the interval (Ti,T2) is bounded, in partic- 
ular we can choose Ti = 0. 



Proof. By computing the velocity of the curve we obtain 



(1) 



dy 



where 03(0), da (a) are the first nontrivial terms in the asymptotic expansion (|26p . Hence t is 
asymptotically a multiple of the arc length as t —t Ti and the lemma is proved. □ 
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End of the proof of Theorem \7.2\ By writing the equation of the curve in polar coordinates, the 
time derivative writes r]^\t) = e"^"'-*^ (p'a(t) + ipa{t)^a{t))- Therefore we wish to show that, for 
every a G (0, 1) there exist constants -ftTi, K2 such that 

\\Pa - P'o||co.°([0,T2]) + \\Pa0a " Po'/'O || C«.° ( [O.Ta]) < Ki\\Ta - Tq | (ar>) , 
ll'l^'a - V'ollcO-^ClCTs]) < -ft^2||ra - Tq 1 1 L=c (g^,) , 

for every Va^Go- 

The first inequahty comes directly from equation (|29p and Lemma [7751 by regularity results for 
ordinary differential equations. Let us prove the second one; from MW(7y«(i)) = we deduce 



C3(a) cos(3v3a) + ^3(0) sin(3(^Q) + Ca(??a(t)) = 0, 



and hence 



1 „ 1 



'fa = - — (C3(a)cos(3^)+d3(a)sin(3(^))~^3?[y3(^„(y)-^^(0))] 



\y\ \y\ 

Now, since both S,a{y) and S,a{y) ~ 'Ca(O) satisfy Lemma [7.51 and vanish at the origin, there exists 
C > such that 

J \£.a{y) ~ ^a{Q)\ Ila(y)| 1 , ^11^ 

max<^ sup — ,sup ^ < CUFa - ro||L-(aD), (30) 

[yen \y\ yen Wl J 

for every Fq € ^Jo- By combining these results with Lemma [7.61 we obtain 

and finally \\ipa — 'y3o||co.°([o,T2]) ^ ^''^2||ra — ^o\\L''°{dD)j which concludes the proof of the theorem. 

□ 
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